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Abstract
P1: Reparametrization invariant theories suffer from a problem of time at

the time of applying canonical quantization techniques.
P2: The problem of time can, in principle, be solved for deparametrizable

models.
P3: The problem of time doesn’t seem to be solvable for non-

deparametrizable models.
P4: General relativity is not deparametrizable.
C: The canonical quantization of general relativity may not lead to a satis-

factory theory.

The problem of time
We are interested in the canonical quantization of reparametrization
invariant theories such as general relativity. These models are repre-
sented as constrained systems in the Hamiltonian formalism of classi-
cal mechanics. This means:

• Kinematics: states satisfy a series of constraints Hµ = 0, Pµ = 0.

• Dynamics: evolution is dictated by Hamilton equations for the total
Hamiltonian HT =

∫
dD−1x

(
NµHµ + λµPµ

)
, with arbitrary λµ.

The canonical quantization procedure for constrained systems can be
summarized as:

1. Start with a classical theory defined on a phase space.

2. Choose a subalgebra of functions on phase space and quantize them,
i.e., build an algebra of operators on a kinematical Hilbert space
Hkin such that their commutator algebra is defined by the Poisson
algebra of the classical functions.

3. Impose the constraints. That is, define the physical Hilbert space
Hphys as the space of the states which satisfy Ω̂A|ψ⟩ = 0.

4. Build a Hamiltonian operator which is a quantization of the to-
tal Hamiltonians. The dynamics of the theory is contained in the
Schrödinger equation for such an operator (or in some equivalent
form): iℏ∂t|ψ⟩ = ĤT |ψ⟩.

For reparametrization invariant systems there is a conflict between
steps 3 and 4. The imposition of the constraints implies that there is no
non-trivial evolution:

iℏ∂t|ψ⟩ = ĤT |ψ⟩ =
∫
dD−1x

(
NµĤµ + λµP̂µ

)
|ψ⟩ Constr= 0 . (1)

States do not evolve! This is the problem of time.

Deparametrizable models: problem solvable
A deparametrizable model is a model which is defined in such a way
that time, or spacetime coordinates, can be identified as variables of the
model. That is, in this kind of model time (or spacetime coordinates)
will appear explicitly as a variable in configuration or phase space or
it can be identified and separated by means of some appropriate trans-
formation, such as a coordinate transformation in configuration space
or a canonical transformation in phase space.

For these models, the problem of time can be overcome and one can
define a standard quantum theory.

Example: Reparametrization invariant action for a
non-relativistic particle

S[x, t] =

∫
dτ [

1

2
m
ẋ2

ṫ
− ṫV (x)] . (2)

Reparametrization invariance: x(τ ), t(τ ) and x′(τ ), t′(τ ) represent the
same physics if they agree on x(t).

Constraint: H0 = pt +
1
2mp

2
x + V (x) = pt +H(x, px) = 0.

Quantization: iℏ∂τψ = Ĥ0ψ = −iℏ ∂∂tψ + Ĥψ = 0.
There is a problem of time, as we don’t get a non-trivial evolution in
τ . However, the constraint equation is just Schrödinger equation with
respect to the variable t.

Resolution: identify t as the time variable and take the physical
Hilbert space to contain the dynamics.

Resolutions of the problem of time
• Deparametrize before quantization

• Deparametrize after quantization.

• Semiclassical approaches: only some states and in some approx-
imation are interpreted as meaningful.

• Frozen observables: the physical content is claimed to be in the
observables XT defined on the physical Hilbert space.

• Transition amplitudes strategy. Define a propagatorK(x, t;x′, t′)
by means of the inner product in the physical Hilbert space.

All of these work for deparametrizable models by identifying the rel-
evant time variable of the model. These resolutions have also been
proposed to apply to the case of general relativity.

Non-deparametrizable models: serious
problem

Non-deparametrizable models do not represent time as a variable in
their configuration space. As the way they represent temporal infor-
mation is different, I argue that the resolutions of the problem of time
that work for deparametrizable models do not work for them.

Example: double harmonic oscillator

Figure 1: Dynamics of two harmonic oscillators in two different parametrizations

Jacobi’s action for a system of two harmonic oscillators:

S[x, y] = 2

∫
dτ

√
m

2

(
ẋ2 + ẏ2

)(
E − 1

2
(kxx2 + kyy2)

)
. (3)

Time is not one of the configuration variables of the model. Solutions
of the equations of motion of the theory disagree on the parametriza-
tion, but they agree on the sequence of configurations. For instance,
both figures describe the same number of oscillations with the red os-
cillator being at the origin every time the blue oscillator is at the origin.

A preferred parametrization can be found for a given solution:

dt =

√
m(ẋ2 + ẏ2)

2E − kxx2 − kyy2
dτ (4)

By doing this we recover the Newtonian dynamics for this system. Im-
portantly, this preferred time is not a variable in configuration space,
but arises as a special parametrization of dynamical trajectories.

There is a problem of time for this system.
Constraint: H0 =

1
2mp

2
x +

1
2mp

2
y +

kx
2 x

2 +
ky
2 y

2 − E.
The quantization gives a time-independent Schrödinger equation (en-

ergy eigenstate equation) and not a time-dependent one.
I argue against applying the above resolutions to this model. As those

resolutions are based on some form of deparametrization or another it
seems to be wrong to apply them to the non-deparametrizable model.
That is, as x and y (similarly for px and py) are not time variables it
seems wrong to pick one of them to be defining evolution.

Moreover, in the paper I point to some technical problems that would
further complicate the application of the resolutions to the double har-
monic oscillator model. I conclude that the canonical quantization pro-
cedure fails for this model.

Conclusion: We have reasons to believe that the problem of time
is not solvable for non-deparametrizable models. In other words, the
canonical quantization of non-deparametrizable models fails.

General relativity is not deparametrizable
To evaluate whether the problem of time is solvable for the case of
quantum gravity we need to analyze general relativity and see if it is
deparametrizable or not. I argue that it is not, and, hence, that the
problem of time may not be solvable for this theory.

In the Hamiltonian formalism, the dynamics of general relativity are
expressed in terms of a foliation. That is, one follows the evolution of a
3-space with respect to a time variable. The phase space variables that
describe such an evolution are the 3-metric gab and its conjugate mo-
menta πab, which describes the extrinsic curvature. The lapse function
N and shift vector Na define the vector normal to the foliation. None
of these variables can be readily interpreted as being a time variable.
Furthermore, none of them behaves monotonically in time for general
solutions.

The way temporal intervals are encoded by the metric of general rel-
ativity is well-known:

ds2 = −gµνdxµdxν = N2dt2 − gab(dx
a +Nadt)(dxb +N bdt) . (5)

The analogy with the double harmonic oscillator case is explicit. Time
is not a variable of the theory but it can be instead derived from solu-
tions of the dynamical equations of motion.

In the paper I further argue against some of the arguments that have
been given for supporting the claim that time is encoded in the config-
uration or phase space of general relativity. Some of these arguments
are:

• Sandwich conjecture

• Counting of degrees of freedom

• ‘Time-like’ direction in the supermetric.

I argue that all of these arguments would lead to a wrong conclusion
when adapted for the case of the double harmonic oscillator. That is, if
we followed these arguments, we would conclude that either x or y is a
time variable. In the same way we would reject this conclusion for the
case of the double harmonic oscillator, we have to reject the conclusion
for the case of general relativity.

There is a problem of time for the quantization of general relativity.
The Hamiltonian constraint equation is known as the Wheeler-deWitt
equation and has been argued to contain the dynamical information
of the theory. However, my analysis leads to the conclusion that the
Wheeler-deWitt equation is not a dynamical equation and that it is
questionable to interpret the physical Hilbert space it defines as con-
taining the full dynamics of a quantum theory of gravity.

In the same way I argued against the application of the standard res-
olutions of the problem of time to the double harmonic oscillator case,
I find them to be problematic for the case of general relativity.

Conclusions
• The problem of time is more serious for non-deparametrizable mod-

els, and it may even imply that the canonical quantization of these
models does not constitute a satisfactory quantization.

• General relativity is non-deparametrizable, and as such we have rea-
sons to doubt that its canonical quantization leads to the theory of
quantum gravity we were looking for.

• The same conclusion seems to apply to any approach based on a
more or less direct quantization of general relativity or some equiv-
alent formulation. This affects quantum geometrodynamics, loop
quantum gravity, and some cosmological models.
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